We investigate the transition to explosive dissipative solitons and the destruction of invariant tori in the complex cubic-quintic Ginzburg-Landau equation in the regime of anomalous linear dispersion as a function of the distance from linear onset. Using Poncaré sections, we sequentially find fixed points, quasiperiodicity (two incommesurate frequencies), frequency locking, two torus-doubling bifurcations (from a torus to a 2-fold torus and from a 2-fold torus to a 4-fold torus), the destruction of a 4-fold torus leading to non-explosive chaos, and finally explosive solitons. A narrow window, in which a 3-fold torus appears, is also observed inside the chaotic region. 
Introduction
The cubic-quintic complex Ginzburg-Landau (CGL) equation has become a useful model for non-trivial experimental results involving localized structures ranging from hydrodynamics to nonlinear optics. For an example in the hydrodynamics context, consider a binary fluid mixture: it was observed experimentally that the collision of two counter-propagating convective pulses leads to bound states of pulses at low approach velocities and to a partial annihilation of the pulses at high velocities [1, 2] . Using two stochastic coupled cubic-quintic CGL equations, we recently reproduced such types of behavior, and we were at the same level of detail. However, Akhmediev et al. found pulsating solutions in the cubic-quintic CGL equation whose energy could be mapped to a one-dimensional map displaying a sequence of period-doubling bifurcations [20] . The Ruelle-Takens-Newhouse theorem [30] establishes that a system undergoing three Hopf bifurcations might go to chaos after the third bifurcation. The transition to chaos from a third frequency has been observed in a Bénard experiment with mercury in a magnetic field [31] and also in the oscillatory and chaotic behavior of the electrical conduction in Barium Sodium Niobate crystals [32] . Moreover, there exists experimental evidence for the transition to chaos without having observed the third frequency in the context of the Rayleigh-Bénard convection and the Taylor-Couette instability [33] . This suggests that the three torus can decay immediately after its existence into a strange attractor. Recently, we have studied the route to exploding dissipative solitons in the cubicquintic CGL equation by means of power spectra. As a function of the bifurcation parameter, the distance from linear onset, we found oscillatory localized solutions characterized by one frequency and its harmonics, oscillatory localized solutions characterized by two frequencies and their harmonics, followed by exploding localized solutions characterized by broad-band noise [34] . The result was interpreted as the analog of the Ruelle-Takens-Newhouse scenario for spatially localized solutions where the third frequency was not observed. However, a more recent work that studied the influence of noise on the aforementioned localized solutions provides indications that non-explosive chaos could set in prior to the appearance of dissipative exploding solitons [35] .
In this article, we employ the cubic-quintic CGL equation as a prototype equation for localized solutions. Using Poincaré sections and varying the bifurcation parameter from values corresponding to oscillatory localized solutions with one frequency to values where exploding solitons are observed, we show how modulated pulses live on the surface of a quasi-periodic torus. We observe the appearance of frequency locking, torus doubling, and the loss of smoothness of the torus.
The structure of this article is the following: in Sec. 2, the cubic-quintic CGL equation is introduced; in Sec. 3, a Poincaré map that captures the relevant dynamics is defined; in Sec. 4 the Poincaré sections for the system are analyzed as the bifurcation parameter is varied and the system makes a transition from periodic to quasi-periodic and to chaotic behavior (without observing a third frequency); and finally in Sec. 5, a summary and our conclusions are presented.
The complex cubic-quintic Ginzburg-Landau equation
The one-dimensional complex cubic Ginzburg-Landau equation has been deduced in different contexts, such as the convection in binary fluids, liquid crystals, chemical reactions, Bose-Einstein condensates, etc. [36] [37] [38] [39] . For the supercritical complex cubic Ginzburg-Landau equation (nonlinear terms saturate the linear growth), typical solutions are given by traveling waves (solutions homogeneous in the amplitude). Another class of solutions is composed of saddle functions (inhomogeneous solutions) between stable traveling waves [40] . For the subcritical complex cubic Ginzburg-Landau equation (destabilizing cubic nonlinearity) and for a positive distance from linear onset, Popp et al. have found solutions that are bounded and space-filling, such as trains of pulses [41] . For a negative distance from linear onset, the addition of saturating quintic nonlinearities to the backward Ginzburg-Landau equation provides the coexistence of two attractors in the homogeneous equation (without considering spatial variations). Inside this coexistence range, the one-dimensional complex cubic-quintic Ginzburg-Landau equation [42] admits stable localized solutions [6] . In this article, we study the cubic-quintic complex Ginzburg-Landau equation in one spatial dimension. This represents the envelope of the linearly unstable modes at the onset of a subcritical oscillatory instability
where A( ) is a complex field, β > 0 and γ < 0, so at µ = 0 there is a weakly inverted bifurcation. Our simulations have been carried out in the anomalous-dispersion regime (D > 0), and all parameters have been kept fixed except for µ, which represents the distance from linear onset: β = 1, β = 0 8, γ = −0 1, γ = −0 6, D = 0 125, and D = 0 5. The solutions of Eq. (1) depend on the initial conditions, the boundary conditions, and (for anomalous dispersion) weakly on the numerical method used. In this work, we utilized a time-splitting pseudo-spectral scheme with a grid spacing of ∼ 0 05, a time step of = 0 005, and N = 1024, so that we get a periodic box of size L = 50.
The integration time was at least T ≈ 10 5 equivalent to 2 × 10 7 iterations, but only the last half was used in the analyses for the purpose of eliminating the effects of transients.
The Poincaré map
Although the transition from periodic to quasi-periodic and then to chaotic behavior can in principle be assessed via an analysis of the Fourier transform (in time) of the amplitude A( ), it has proved to be a more convenient strategy to use a method that reduces the dynamics to a discrete map. Such an approach has been followed with great success in [43, 44] and many other references. Here, we adapt the method of the Poincaré section to the particular details of the complex Eq. (1). The Poincaré section reduces a trajectory with continuous time evolution to a discrete set of snapshots that correspond to the crossings of the trajectory with a particular hypersurface. It can be used in finite and infinite dimensional problems. As the localized solution of Eq. (1) evolves in time (see Refs. [28, 34, 35] ), the value of |A( )| at every point in space will oscillate in a periodic fashion. These oscillations are better visible in the tails of the soliton (see Fig. 1(a) ) and provide a characterization of the transition between the periodic, quasi-periodic, and chaotic regimes. The Poincaré map Φ :
where A( ) is a solution of Eq. (1), and the alwaysincreasing successions are chosen such that (A)| = 0 and
The function (·) defines the section. The derivative condition selects crossings in one direction only. For the purposes of the present work, a good choice for the section is the definition:
so the sequence of times captures the instants when the amplitude of A at the particular point in space reaches a peak in time (see Fig. 1(b) ). The point was chosen in the tail of the initial condition A 0 ( ) = A( 0), as is depicted in Fig. 1(a) . We have verified that this simple choice identifies the relevant dynamics and the existence of invariant manifolds and attractors, and it is sensitive enough to detect qualitative transitions. Other choices for do not change the location of the transitions but make their visual identification a little bit more troublesome. A more global definition of the section based on the instantaneous values of the spatial Fourier decomposition, for instance, has been used for similar problems [43, 44] , but was not sensitive enough to characterize the transitions of Eq. (1). The power of the method can be appreciated when the parameter µ is changed and other kinds of pulses with different dynamical behavior show up. For instance, the pulse depicted in Fig. 2(a) for µ = −0 21385 is very similar to the one in Fig. 1(a) , but presents a slight asymmetry that suggests more complex phenomena. For less negative values, such as µ = −0 21376, the pulsating soliton becomes metastable; after some time it grows in an irregular fashion, as depicted in Fig. 2(b) , but quickly returns to the original profile. The details of this transition are the subject of the next section. Now, for the analysis of the Poincaré map and its iterates
we projected the iterates on the two dimensional return map of |Φ (A 0 )( )| = |A( )|, but there are other, equally effective choices. This map uses |A( )| and |A( +1 )| for the horizontal and vertical coordinates respectively. For the quasi-periodic regime with two incommensurate frequencies, the iterates in the return map will identify an ellipse that corresponds to a section of the invariant manifold that is topologically equivalent to a two-dimensional torus. The second tool that will be used in the next section is the rotation number (see, for instance, [43, 45, 46] ):
where θ is the angular coordinate on the invariant circle at the -th iterate projected in the return map. The value of R may depend on initial conditions, and its limit does not always exist. But when it exists and is rational, it provides a simple characterization of how the orbit is wound around the two torus: if R = / with relative primes, is the number of revolutions around the ellipse, and the number of applications of the map.
Invariant tori
Equation (1) with the parameters mentioned in Sec. 2 admits stable solutions with only one frequency inside the range µ ∈ [−0 254 −0 2315]. Their corresponding Poincaré sections show a stable fixed point, as depicted in Fig. 3(a) . Now, as µ increases beyond µ = µ 1 = −0 2315, the amplitude of the radiating waves starts exhibiting small modulations (as depicted in Fig. 1(b) ) that show up as a secondary peak in the (time) Fourier spectrum with a frequency that is not commensurate with the radiation frequency (see Fig. 7 in [34] ). This description corresponds to the transition to quasi-periodicity through a NeimarkSacker bifurcation. In our Poincaré map, the new behavior appears as a flip bifurcation that leads to a set of points that delineate a deformed ellipse that is basically a section of a torus, as depicted in Fig. 3(b-d) . The invariant ellipse will become larger as the parameter µ keeps growing beyond -0.2315. As µ keeps increasing, the circle grows in size as depicted in Fig. 3(c) .
Further changes of the torus will be more subtle. Inside the parameter range, where the dynamics lives over a well defined torus, there are other interesting phenomena that deserve analysis. At certain values of µ, stable periodic orbits appear on the torus. Although the torus is still an invariant manifold of the dynamics and is stable, trajectories on its surface will approach a subattractor: periodic orbits that came into existence for values of µ within narrow ranges. As a result, the iterates of the Poincaré map will appear as a finite set of points on the ellipse. This behavior receives the name 'frequency locking' and can be understood as a resonance between the two frequencies of the soliton pulsations.
At µ = −0 2200, for instance, a periodic orbit with period 126 was observed, as is shown Fig. 3(d) . It corresponds to a fixed point of the map Φ 126 (·). As mentioned in Section 3, periodic orbits can be characterized by their rotation number R = / ∈ Q defined in Eq. and µ = −0 2234 R = 1/105. All these periodic orbits have large denominators and live in very narrow parameter ranges. We could not observe additional phenomena associated with frequency locking, such as the interaction of periodic orbits located off the torus or period doubling (see, for instance, [44] [45] [46] ). The graph of R(µ) (not depicted) shows an apparently smooth curve. It is well known that for this kind of system the curve is not smooth, but should be made up of an infinite number of horizontal segments that correspond to rational values of R(µ). Now, the most interesting transitions affect the integrity of the whole invariant torus. These transitions will have a direct correspondence to qualitative changes in the dynamics of A( ), in particular as it becomes explosive. At µ = µ 2 = −0 2144, the invariant manifold undergoes a torus-doubling bifurcation, and its section develops a second loop, as shown in Fig. 4(a) . Such transitions have been documented in the literature (see Refs. [43, [47] [48] [49] [50] [51] ) and studied using Lyapunov exponents and other methods. From that point, more bifurcations take place. At µ = µ 3 = −0 21390, a second torus-doubling bifurcation occurs, and a 4-fold torus appears, which is depicted in Fig. 4(b) (only a small portion of the attractor is depicted in this figure). For (1) and the parameters used in this work, there are only two torus doublings before the torus is destroyed. This finite cascade can be considered generic in light of what is shown in the literature [43, [48] [49] [50] . It has proved to be robust to the addition of noise. In particular, Kaneko [49, 50] showed that in a codimension-2 scenario the number of period doublings may be large, but remains always finite. We conjecture that for the cubic-quintic GinzburgLandau Eq. At µ = −0 21385, depicted in Fig. 4(d) , the torus is totally destroyed leaving its place to a chaotic attractor that fills the whole space between the folds of the original 2-fold torus. The spatial profile of this solution was presented in Fig. 2(a) .
The chaotic attractor, as it appears in Fig. 4(d) , lives approximately between µ = µ 4 = −0 21386 and µ = µ 5 = −0 21377, although there are some quasi-periodic attractors inside narrow windows. Figure 5 (a) shows a 3-fold torus found at µ = −0 21380. A similar section was found in Fig. 10 of Ref. [43] . Its existence may bring to mind the triple-period orbits of the logistic map that exist immersed into fully chaotic regions, and the "period three implies chaos" theorem of Li and Yorke [52] .
The destruction of the invariant torus reaches its final point at µ = −0 21376. At that particular parameter value, see Fig. 5(b) , the chaotic attractor becomes much larger than the previous ellipses indicating the presence of violent changes in both the amplitude and the support of the pulse |A( )|. As depicted in Fig. 2(b) , the localized pulse grows and deforms, but returns to its original size and shape at a slightly shifted location. The explosions are repeated after irregular times [28, 34] . As the point is no longer at the tail of the localized pulse, the Poincaré section defined by the function (·) is no longer representative, and only a limited analysis can be done in this context. A summary of the bifurcations is contained 
Conclusions
In this article, we have investigated the transition to explosive dissipative localized structures in the complex cubic-quintic Ginzburg-Landau equation in the regime of anomalous linear dispersion as a function of the distance from linear onset. The complex cubic-quintic GinzburgLandau equation is a prototype envelope equation for dispersive-dissipative systems undergoing a weakly subcritical bifurcation to traveling and standing waves. Using Poncaré sections, we found fixed points (corresponding to oscillatory localized solutions with one frequency and its harmonics), quasi-periodicity (corresponding to oscillatory localized solutions with two incommensurate frequencies), frequency locking (resonance between two frequencies), torus-doubling bifurcations (from a 1-fold to a 2-fold torus and from a 2-fold to a 4-fold torus), the destruction of invariant tori giving rise to chaos, a 3-fold torus inside the chaotic region, and explosive localized solutions. This sequence of solutions is compatible with the analog of the Ruelle-Takens route for spatially localized solutions found in [34] . This work shows a new aspect, namely the existence of weak chaos before the appearance of dissipative explosive solitons. Nevertheless a third frequency could not be observed.
